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Introduction

I T is fairly well established by now that compliant walls are in-
deed capableof reducing the growth of disturbancesin a laminar

boundary layer and thus possess the potential for delaying the onset
of laminar-turbulent transition. The theoretical and experimental
evidence has been reviewed in recent publications by Carpenter1

and Riley et al.2 Compliant walls are susceptible to a wide variety
of instabilities, which include the Tollmien–Schlichting instability
(TSI), traveling-wave � utter (TWF), static divergence (SD), and
other strong hybrid instabilities.These instabilitiespose con� icting
requirements on the properties of the compliant wall. The attain-
ment of extensive transition delay is by no means a straightforward
affair of simply coating a surface with anything that feels compliant
to the touch. Signi� cant stabilizationgenerally requires the manip-
ulation of a numberof or all of the wall properties to simultaneously
suppress all the instabilities.

The optimization of compliant wall properties to achieve large
transitiondelayhas been studiedby Carpenteret al.3 for many years,
culminating in a recent paper by Dixon et al.,4 which details proce-
duresfor optimizingsingle-and double-layerviscoelasticcompliant
walls. Some of the principlesfor obtaininggood transition-delaying
behavior have also been discussed by Yeo.5,6 These works have fo-
cused on compliant layers with material density equal to that of
the � ow. The optimization of single-layer viscoelastic compliant
walls is reconsideredin this paper without a prior assumptionabout
density. An archetypal class of single-layer viscoelastic compliant
wall that is capable theoretically of producing extensive delay of
transition is presented.

Class of Optimized Compliant Walls
In optimizing compliant walls for transition delay, one needs to

be concerned only with the three primary instabilities: the TSI, the
TWF, and the SD. Strong hybrid instabilities, arising from the in-
teraction of the three primary types, may occur on some highly
compliant walls, but they are usually preceded by the occurrenceof
one or more of the primary instabilities.

The principle underlying the derivation of the present class of
optimized walls is the stability criterion of Yeo and Dowling7 for
inviscid thin shear � ow over passive compliant walls. The criterion,
whichwas derivedfromgeneralizedvariational-theoreticconsidera-
tions, is applicableto a wide rangeof passivecompliantwalls. Here,
it is applied to the class of compliant walls obtained by attaching
a single uniformly thick layer of an incompressible homogeneous
isotropic viscoelasticmaterial onto a rigid base; see Fig. 1. For such
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a wall, Yeo and Dowling have shown that the � ow is linearly stable
when

f2G, 0.9126(G/ q )g > 1.0

static criterion, free-wave criterion
(1)

Here G and q denote the elastic shear modulus and the density of
the compliant layer, respectively. These quantities are assumed to
have been nondimensionalizedwith respect to freestream velocity
U1 and � ow density q f .

Criterion (1) comprises two subcriteria that offer safeguards sep-
aratelyagainstthe onsetof SD (static criterion) andTWF (free-wave
criterion). In its incipient state, the SD assumes the form of a static
or slowly moving wave on the surface of the wall, whereas the TWF
is a traveling-waveinstability.The inviscid criterion (1) tends to be
slightlyconservativein practice.Its use thereforeofferssomemargin
of safety, which is desirable from a practical viewpoint. It is perti-
nent to note that criterion (1) has no dependenceon the thicknessof
the layer h and level of material damping in the wall. Later, we shall
see how a highly optimizedclass of transition-delayingsingle-layer
walls may be derived from criterion (1) and a consideration of the
well-known behavior of the TSI.

Criterion (1) can always be satis� ed if the shear modulus G is
suf� ciently large. However, a large G would result in a highly stiff
compliant wall, which suffers from strong TSI. A small G is de-
sirable for suppressing the TSI. Thus, the shear modulus G should
be kept as small as possible without violating criterion (1). Clearly
the static criterionwould be marginally satis� ed if we take G D 0.5.
This � xes the value of G for the free-wave criterion. The free-wave
criterion will be satis� ed if the material density q of the compliant
layer is suf� ciently small. However, reduction in q is also known
to destabilize the TSI. Hence q should be as large as possible to
give a highly subdued TSI regime without violating the free-wave
criterion. For G D 0.5, the largest value of q we may use without
violating the free-wave criterion is 0.4563.Thus, we have arrived at
a class of optimized compliant walls that have

G D 0.5, q D 0.4563 (2)

The preceding discussion indicates that these wall properties
would allow us to suppress the SD and TWF with minimal ad-
verse effects on the TSI. Because the suppression of the TWF and
SD instabilities based on the wall properties (2) is not dependent
on the thickness h and the damping quality of the compliant layer,
we may now freely select these to further optimize the layer with
respect to the stabilizationof the TSI.

Increase in thickness h of the compliant layer makes the wall
more compliant. Thus a thick compliant layer will enhance the sta-
bility of the � ow with regard to the TSI. However, the studies of

Fig. 1 Flow over a compliant layer backed by a rigid base.
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Table 1 Variations of Rtr
±

; Rtr
x , and TDF with the thickness h of the compliant layer

Thickness N D 8.3 N D 7.0

h Rtr
d £ 10¡3 Rtr

x £ 10¡6 TDF Rtr
d £ 10¡3 Rtr

x £ 10¡6 TDF

0 (rigid wall) 2.9 2.84 1.0 2.57 2.23 1.0
1.0 3.63 4.45 1.57 3.3 3.68 1.65
5.0 5.84 11.50 4.05 5.33 9.59 4.30
10.0 6.85 15.85 5.58 5.91 11.79 5.29
20.0 6.95 16.31 5.74 5.96 12.00 5.38

Yeo5,6 have shown that marginal gain in TS stability diminishes
with increase in h. Beyond a certain point, the incremental gain
would not justify further increase in h. This naturally limits the
thickness that one should use. The appropriate choice of thickness
h will be determined from viscous � ow calculations because the
TSI is a viscosity-based instability. Because it is well known that
material damping destabilizes the TSI, the optimized wall should
also have minimum damping.Thus the class of optimizedwalls that
we have arrived at would be a fairly thick layer wall with minimal
material damping, material density q D 0.4563, and shear modulus
G D 0.5. In dimensional terms, this means that the material density
and elastic (storage) shear modulus of the compliant layer should
be 0.4563q f and 0.5q f U 2

1, respectively.
The condition G D 0.5 has also appeared in Ref. 4. However,

their optimization presupposed a � xed material density of q D 1.0,
and maximization of transition delay was then achieved through
variationsof layer thicknessh, materialdamping,andshearmodulus
G. In contrast, our optimizationbegins with no presumptionof wall
parameter. The optimal compliant-layer parameters are derived in
a single logical sequence: starting from the SD criterion, which
yields G D 0.5; followed by the TWF criterion,which � xes the best
value for q D 0.4563; and then the maximum stabilization of the
TSI through the adoption of minimum wall damping and a thick
compliant layer.

Viscous Flow/Orr–Sommerfeld Calculations
Boundary-layer stability calculations were carried out following

Yeo5,6 for layers with propertiesspeci� ed by Eq. (2) and nondimen-
sional thickness ranging from h D 1 to 20 (thickness is nondimen-
sionalized by the displacement thickness d of the boundary layer
at Reynolds number R d D U1 d / m of 2 £ 104 ). For water of kine-
matic viscosity m D 10¡6 m2/s and � owing with freestream speed
of U1 D 10 m/s, these correspond to a thickness ranging from 2 to
40 mm. Material damping is provided by a Kelvin–Voigt model for
shear deformation: Gc D G ¡ i x d being the complex shear mod-
ulus, where d is the damping coef� cient and x the frequency of
the perturbationwave. Because no materials are perfectly elastic, a
small d D 0.0049 was used throughout to simulate the response of
highlyelastic layers.At this low levelof dampingand relativelyhigh
G, SD simply does not exist.8 Computations con� rm the absence
of TWF for all the walls. Increase in d will render the TWF more
stable and but will progressivelydestabilize the TSI. For a given h,
the best stability performance will therefore be achieved with the
lowest possible material damping.

Transition Delay
The laminar-turbulent transition Reynolds number Rtr

d is esti-
mated here, as in Refs. 4 and 6, by applying the well-established
eN transition correlation rule of Smith and Gamberoni.9 A value
of N D 8.3 is used here, as Ref. 6. For this value of N , transition
on a rigid wall would be expected to occur at R tr

d ¼ 2.9 £ 103,
corresponding to the now classical experiments of Schubauer and
Skramstad.10 The associated transition Reynolds number based on
the distance from the leading edge x is R tr

x D U1x / m ¼ 2.84£106.
Larger values of N may be used for � ows with very low levels of
turbulence.A more conservativevalue of N D 7 has generally been
used by Dixon et al. Figure 2 shows the maximum ampli� cation en-
velope for the optimized wall with thickness h D 10. For N D 8.3,
it has a transitionReynolds number R tr

d of approximately6.85£103

Fig. 2 Maximum ampli� cation envelopes: ——, present optimized
single-layerwallwith h = 10, and– – –, optimized two-layerwall of Dixon
et al.4

(R tr
x ¼ 15.85 £ 106). The transition delay factor (TDF) de� ned

by

TDF D
Rtr

x compliant wall

R tr
x rigid wall

(3)

has a value of 5.58. The R tr
d is reduced to about 5.91 £ 103 (R tr

x ¼
11.79£ 106) if a value of N D 7 is used instead, which yields a
TDF of about 5.13 when compared with the corresponding rigid
wall Rtr

d ¼ 2.57 £ 103 (Rtr
x ¼ 2.23 £ 106). The transition Reynolds

numbers and the TDF for the present class of optimized walls with
thickness h D 1, 5, 10, and 20 are summarized in Table 1 for loga-
rithmic growth factors of 8.3 and 7.0.

For N D 8.3, doublingof thicknessh from10 to 20 producesonly
a modest 2.9% increase in the TDF. A layer of thickness of h D 10
may thus be regarded as being fairly optimal, in having captured
much of the available stability gain that may be derived from this
class of compliant walls. For N D 7.0, a compliant thickness of
h ¼ 8 would be fairly optimal.

The transition Reynolds numbers and TDF achieved by the
present class of optimized compliant walls are larger than corre-
spondingvalues for the optimizedsingle-layerwalls ofDixonet al.,4

which have q D 1. The present values are in fact comparable to the
optimized results of their more complex two-layer compliant walls,
which have R tr

d ranging from 5.7 £ 103 to 6 £ 103 (N D 7.0). The
maximum ampli� cation envelope for an optimized two-layer wall
of Dixon et al. is also depicted in Fig. 2. It has a sigmoid shape with
a local maximum value close to 7.0 at R d ¼ 3 £ 103 . Freestream
turbulence can cause the exponent N to fall below 7.0. This could
trigger a sudden fall of Rtr

d from 6 £ 103 to 3 £ 103. The present
optimizedwall, with its linearly rising ampli� cation envelope is ex-
pected, however, to respond to changes in freestream turbulence in
a stable and progressive manner, with no sudden drop in R tr

d .
Workson compliantwall � ow stabilization4¡6 to date have tended

to focus almost exclusively on compliant materials with a density
equal to that of the � ow, i.e., q D 1. This is because suitablecompli-
ant materials have generally been assumed to be solid rubber-type
polymeric compounds. These have density close to water, which is
the � uid medium in which compliant surfaces are likely to be de-
ployed.The presentstudyshows that compliantmaterialswith lower
q possess highly superior stability characteristics. Small variation
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of q from the optimalvalue of 0.4563is not expected to have unduly
large adverse effect on stability:A decrease in q would actually im-
prove TWF stability with a progressive destabilizing effect on the
TSI, whereas the destabilizationof TWF caused by an increase in q
could be easily kept in check by increasing d slightly. To allow for
possible inaccuracies in material properties, it is preferable to use
the walls within a narrow velocity window just below the optimal
conditions.

Materials suitable for the proposed walls are likely to be foam-
based.These materialsare lighter than water and possessa relatively
high stiffness-to-weightratio that renders themparticularlyeffective
against hydroelastic instabilities. The process of their manufacture
in� uences their properties. They also offer the possibility of their
properties being designed and manufactured to speci� cation. Some
variety may also offer very low damping because of their partially
hollow nature (less material involved in straining). The bulk mod-
ulus of foam-based materials may theoretically be regulated by the
pressure of the enclosed gas phase. With a view to the future de-
velopment of materials technology, the construction of compliant
coatings from foam-based polymeric materials cannot be ruled out.
Navier’s equations will be applicable to such materials if the cell
size is much less than the wavelength of the perturbations.

The present study has focused on two-dimensional instability
modes because these are known to be the most unstable for the
TWF and SD. For the TSI, two-dimensional studies are still effec-
tive for comparing the relative stability performance of different
isotropic compliant walls, although prediction on transition gain
will be slightly reduced when three-dimensional modes are also
considered.11,12

Conclusions
The present Note considers the optimization of single-layer vis-

coelastic compliant walls for delay of laminar-turbulentboundary-
layer transition.The archetypaltransition-delayingcompliantlayers
should possess a nondimensionalmaterial density of 0.4563, elastic
shear modulus of 0.5, and minimal material damping and should
be suf� ciently thick. The transition distances and transition delay
factors obtained in the present study are comparable to the values
reported by Dixon et al.4 for their unit-density two-layer walls.

Acknowledgment
The resultsreportedin this Note wereobtainedwith theassistance

of K. W. Lum.

References
1Carpenter, P. W., “Status of Transition Delay Using Compliant Walls,”

Viscous Drag Reduction in Boundary Layers, edited by D. M. Bushnell and
J. N. Heffner, Vol. 123, Progress in Astronautics and Aeronautics, AIAA,
Washington, DC, 1990, pp. 79–113.

2Riley, J. J., Gad-el-Hak, M., and Metcalfe, R. W., “Compliant Coatings,”
Annual Review of Fluid Mechanics, Vol. 20, 1988, pp. 393–420.

3Carpenter, P. W., Lucey, A. D., and Dixon, A. E., “The Optimization of
Compliant Walls for Drag Reduction,” Recent Developments in Turbulence
Management, edited by K. S. Choi, Kluwer, Dordrecht, The Netherlands,
1991, pp. 195–221.

4Dixon, A. E., Lucey, A. D., and Carpenter, P. W., “Optimization of Vis-
coelastic Compliant Walls for Transition Delay,” AIAA Journal, Vol. 32,
No. 2, 1994, pp. 256–267.

5Yeo, K. S., “The Stability of Flow over Flexible Surfaces,” Ph.D. Thesis,
Dept. of Engineering, Univ. of Cambridge, Cambridge, England, UK, Nov.
1986.

6Yeo, K. S., “The Stability of Boundary-Layer Flow over Single- and
Multi-Layer Viscoelastic Walls,” Journal of Fluid Mechanics, Vol. 196,
1988, pp. 359–408.

7Yeo, K. S., and Dowling, A. P., “The Stability of Inviscid Flow over
Passive Compliant Walls,” Journal of Fluid Mechanics, Vol. 183, 1987, pp.
265–292.

8Yeo, K. S., Khoo, B. C., and Zhao, H. Z., “The Absolute Instability of
Boundary-Layer Flow over Viscoelastic Walls,” Theoretical and Computa-
tional Fluid Dynamics, Vol. 8, 1996, pp. 237–252.

9Smith, A. M. O., and Gamberoni, H., “Transition,Pressure Gradient and
Stability Theory,” Douglas Aircraft Co., Rept. ES26388, Long Beach, CA,
1956.

10Schubauer, G. B., and Skramstad, H. K., “Laminar Boundary-Layer
Oscillations and Transition on a Flat Plate,” NACA Rept. 909, 1948.

11Yeo, K. S., “The Three-Dimensional Stability of Boundary-Layer
Flow over Compliant Walls,” Journal of Fluid Mechanics, Vol. 238, 1992,
pp. 537–577.

12Joslin, R. D., Morris, P. J., and Carpenter, P. W., “The Role of Three-
Dimensional Instabilities in Compliant-Wall Boundary-Layer Transition,”
AIAA Journal, Vol. 29, No. 10, 1991, pp. 1603–1610.

J. Kallinderis
Associate Editor
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by a Lifting Wing
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I. Introduction

T HE wakes of large-aspect-ratiolifting wings are of great engi-
neeringand scienti� c interest.Much effort has been focusedon

understandingthe tip vortices,but relatively little attentionhas been
paid to the rest of the wake, speci� cally the axial wake of the wing
boundary layers, and its development in the presence of the vortex.
There have been several studies documenting the presence of this
part of the wake and its evolving spiral form.1¡5 Of the most detail
and of particular interest here is the work of Devenport et al.1 Their
measurements show the axial wake simultaneously decaying and
rolling up around the vortex core, its turbulence structure evolving
in the presence of lateral stretching, skewing, and lateral curvature.
They show that, despite these complex and changing in� uences,
the turbulencestructureof this � ow achievesan approximatelyself-
similar state when normalizedon the scale of the wake spiral and the
axial velocityscale of the two-dimensionalpartof wake. This makes
the � ow of particular interest as an experimental and computational
test case.

This Note summarizes a study6 of a spiral wake similar to that of
Devenport et al.1 but in much greater detail. Our goal was to reveal
precisely the effects of the different three-dimensional in� uences
that act on the spiralwake and to compare its structurewith the near-
two-dimensionalregionfound fartherinboard.Both single-and two-
point hot-wire measurements were made to this end. Single-point
measurements are presented here; related two-point measurements
and discussion relevant to aeroacoustic applications are dealt with
in a companion paper.7

II. Apparatus and Instrumentation
The � ow was generated in the 3 £ 2 £ 20 ft test section of the

Virginia Tech Subsonic Wind Tunnel using a rectangularplanform,
NACA 0012 half wing of 0.203-m chord c placed at 5-deg angle
of attack. Flow in the empty test section is closely uniform, with
a turbulence intensity of less than 0.3% (Ref. 8). A slight favor-
able streamwise pressure gradient dC p/ dx D ¡0.96%/m is present
because of boundary-layer growth. The wing was mounted at the
midheight of the test section and extended two thirds of the way
across its 3-ft width. The wing boundary layers were tripped using
0.5-mm-diam glass beads glued in a random pattern between the
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